(Pseudo)Generalized Kaluza-Klein G-Spaces and Einstein Equations by Arcus, C. M. & Peyghan, E.
ar
X
iv
:1
40
6.
41
22
v1
  [
ma
th-
ph
]  
14
 Ju
n 2
01
4
(Pseudo) Generalized Kaluza-Klein G-Spaces and
Einstein Equations
C. M. Arcus¸ and E. Peyghan
July 15, 2018
Abstract
Introducing the Lie algebroid generalized tangent bundle of a Kaluza-
Klein bundle, we develop the theory of general distinguished linear con-
nections for this space. In particular, using the Lie algebroid general-
ized tangent bundle of the Kaluza-Klein vector bundle, we present the
(g, h)-lift of a curve on the base M and we characterize the horizontal
and vertical parallelism of the (g, h)-lift of accelerations with respect to
a distinguished linear (ρ, η)-connection. Moreover, we study the torsion,
curvature and Ricci tensor field associated to a distinguished linear (ρ, η)-
connection and we obtain the identities of Cartan and Bianchi type in the
general framework of the Lie algebroid generalized tangent bundle of a
Kaluza-Klein bundle. Finally, we introduce the theory of (pseudo) gen-
eralized Kaluza-Klein G-spaces and we develop the Einstein equations in
this general framework.
1 Introduction
Recently, Lie algebroids are important issues in physics and mechanics since the
extension of Lagrangian and Hamiltonian systems to their entity [11, 13, 19, 27]
and catching the poisson structure [20]. Then, Arcus¸ introduced generalized
Lie algebroids as the extension of Lie algebroids and he studied geometrical and
physical concepts for these spaces [1, 2, 3, 4]. Indeed a generalized Lie algebroid
is a extension of Lie algebroid from one base manifold to a pair of diffeomorphic
base manifolds.
The Einstein theory of general relativity and Maxwell theory of electromag-
netism was independent developed in the world of physicists. In [12] Kaluza
proposed to unify these two theories using a five-dimensional manifold. Kaluza’s
achievement was possible if the components of the pseudo-Riemannian metric on
the five-dimensional manifold does not depend on the fifth coordinate (cylinder
condition). Then, Klein [14] added the condition of compactification, namely
the space is closed by a very small circle in the direction of the fifth dimension.
Therefore, the Kaluza-Klein theory emerged to unify of the Einstein theory of
general gravity and Maxwell theory of electromagnetism.
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In [10], Einstein and Bergmann proposed a first generalization of Kaluza-
Klein theory using a pseudo-Riemannian metric such that its components are
periodic in the fifth coordinate. So, the cylinder condition was partially satisfied
and, for the firs time, a covariant derivative of a vector bundle over the five-
dimensional manifold was introduced.
A well known generalization of the five-dimensional Kaluza-Klein theory
is the so called the space time matter (STM) theory. Cosmological solutions
in which both the cylinder condition and the compactification condition were
removed are presented in [9, 15, 17, 18]. An excelent survey on STM theory is
presented in the paper of Overduin and Wesson [16].
The idea to construct exact solutions with Lie and Clifford algebroid sym-
metries in modified and extra dimension gravity and matter field theories was
elaborated originally in a series of preprints by S. Vacaru [21, 22, 23]; see further
developments and reviews of results on nonholonomic algebroids and Einstein-
Direact structures, Finsler-Lagrange-Hamilton algebroid spaces and geometric
flows on Lie algebroid in [24, 25, 26].
Recently, Bejancu developed a new point of view on a general Kaluza-Klein
theory using the product manifold M = M ×K, where M is a four-dimensional
manifold and K is a one-dimensional manifold [5, 6, 7]. The tangent bundle of
M is the space used to develop the theory as a direct sum between the horizontal
distribution HM and vertical distribution VM. The novelty is determined by
the Riemannian horizontal connection which plays the same role as Levi-Civita
linear connection on the space time manifold M for the classical Kaluza-Klein
theory. Using this linear connection, which is not distinguished connection,
Bejancu introduced the Einstein gravitational tensor field and he write the field
equations on
(
M, g
)
. A new method for the study of general higher dimension
Kaluza-Klein theory is presented by Bejancu in [8].
We remark that Bejancu used the usual Lie algebroid tangent bundle. The
purpose of this paper is to develop a general method to study of the Kaluza-
Klein theory using the generalized connection theory presented by Arcus¸ in
[1, 2, 3, 4].
This paper is arranged as follows. In Sec. 3, using a (generalized) Lie alge-
broid presented in Sec. 2, we introduce the Lie algebroid generalized tangent
bundle of a Kaluza-Klein bundle and we study the connections on a Kaluza-
Klein bundle. Moreover, we develop the theory of general distinguished linear
connections for the Lie algebroid generalized tangent bundle. In Sec. 4, using
the Lie algebroid generalized tangent bundle of the Kaluza-Klein vector bun-
dle, we present the (g, h)-lift of a curve on the base M . A characterization
of horizontality (respectively, verticality) parallelism of the (g, h)-lift of accel-
erations with respect to a distinguished linear (ρ, η)-connection is presented.
Sec. 5 is dedicated to study the torsion and curvature of a distinguished linear
(ρ, η)-connection. Moreover, the Ricci tensor field associated to a distinguished
linear (ρ, η)-connection is introduced and identities of Cartan and Bianchi type
in the general framework of the Lie algebroid generalized tangent bundle of a
Kaluza-Klein bundle are presented. Finally, in Sec. 6, we present the theory of
(pseudo) generalized Kaluza-Klein G-spaces. A lot of examples of Kaluza-Klein
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G-spaces are presented and the Einstein equations are developed in this general
framework. In particular, using the identities morphisms, the usual Kaluza-
Klein theory used by Bejancu is obtained, but the difference is that the metrical
linear connection used in our paper is distinguished connection.
2 Preliminaries
Let (F, ν,N) be a vector bundle, Γ(F, ν,N) be the set of the sections of it and
F(N) be the smooth real-valued functions on N . Then (Γ(F, ν,N),+, ·) is a
F(N)-module. If (ϕ, ϕ0) is a morphism from (F, ν,N) to (F
′, ν′, N ′) such that
ϕ0 is a isomorphism from N to N
′, then using the operation
F (N)× Γ (F ′, ν ′, N ′)
·
−−−−→ Γ (F ′, ν ′, N ′) ,
(f, u′) 7−→ f ◦ ϕ−10 · u
′,
it results that (Γ(F ′, ν′, N ′),+, ·) is a F(N)-module and we obtain the modules
morphism
Γ (F, ν,N)
Γ(ϕ,ϕ0)
−−−−−−−−−−→ Γ (F ′, ν ′, N ′) ,
u 7−→ Γ (ϕ, ϕ0)u,
defined by
Γ (ϕ, ϕ0)u (y) = ϕ
(
uϕ−10 (y)
)
=
(
ϕ ◦ u ◦ ϕ−10
)
(y) ,
for any y ∈ N ′.
Definition 1 A generalized Lie algebroid is a vector bundle (F, ν,N) given by
the diagrams:
(
F, [, ]F,h
)
ρ
−−−−−−→ (TM, [, ]TM )
Th
−−−−−−−−→ (TN, [, ]TN )
↓ ν ↓ τM ↓ τN
N
η
−−−−−→ M
h
−−−−−→ N
(1)
where h and η are arbitrary isomorphisms, (ρ, η) is a vector bundles morphism
from (F, ν,N) to (TM, τM ,M) and
Γ (F, ν,N)× Γ (F, ν,N)
[,]F,h
−−−−−−−−→ Γ (F, ν,N) ,
(u, v) 7−→ [u, v]F,h ,
is an operation satisfies in
[u, f · v]F,h = f [u, v]F,h + Γ (Th ◦ ρ, h ◦ η) (u) f · v, ∀f ∈ F(N),
such that
1) The 4-tuple (Γ(F, ν,N),+, ·, [, ]F,h) is a Lie F(N)-algebra,
2) The modules morphism Γ(Th ◦ ρ, h ◦ η) is a Lie algebras morphism from
(Γ(F, ν,N),+, ·, [, ]F,h) to (Γ(TN, τN , N),+, ·, [, ]TN).
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We denote by
(
(F, ν,N), [, ]F,h, (ρ, η)
)
the generalized Lie algebroid defined in
the above. Moreover, the couple
(
[, ]F,h, (ρ, η)
)
is called the generalized Lie
algebroid structure.
A morphism from
(
(F, ν,N), [, ]F,h, (ρ, η)
)
to
(
(F ′, ν′, N ′), [, ]F ′,h′ , (ρ
′, η′)
)
is a morphism (ϕ, ϕ0) from (F, ν,N) to (F
′, ν′, N ′) such that ϕ0 is an isomor-
phism from N to N ′, and the modules morphism Γ(ϕ, ϕ0) is a Lie algebras
morphism from
(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
to
(
Γ (F ′, ν′, N ′) ,+, ·, [, ]F ′,h′
)
. Thus,
we can discuss about the category of generalized Lie algebroids.
Remark 2 In the particular case, (η, h) = (IdM , IdM ), we obtain the definition
of Lie algebroid.
If we take local coordinates (xi) and (χı˜) on open sets U ⊂M and V ⊂ N , re-
spectively, then we have the corresponding local coordinates (xi, yi) and (χı˜, z ı˜)
on TM and TN , respectively, where i, ı˜ ∈ 1, . . . ,m. Moreover, a local basis {tα}
of the sections of ν−1(V )→ V generates local coordinates (χı˜, zα) on F , where
α ∈ 1, . . . , p. If we consider the another local coordinates (xi
′
(xi), yi
′
(xi, yi)),
(χı˜
′
(χı˜), z ı˜
′
(χı˜, z ı˜)) and (χı˜
′
(χı˜), zα
′
(χı˜, zα)) on TM , TN and F , respectively,
then we have the following corresponding changes of coordinates
zα
′
= Λα
′
α z
α, yi
′
=
∂xi
′
∂xi
yi, z ı˜′ =
∂χı˜′
∂χı˜
z ı˜. (2)
We assume that (θ, µ) = (Th ◦ ρ, h ◦ η). If zαtα is a section of (F, ν,N), then
for any f ∈ F (N) and κ ∈ N we have
Γ (Th ◦ ρ, h ◦ η) (zαtα) f (h ◦ η (κ)) =
(
θı˜αz
α ∂f
∂κı˜
)
(h ◦ η (κ))
=
((
ρiα ◦ h
)
(zα ◦ h) ∂f◦h
∂xi
)
(η (κ)) ,
where ρiα are local functions on N [1]. Now, we put [tα, tβ]F,h = L
γ
αβtγ , where
L
γ
αβ are local functions on N and α, β, γ ∈ 1, . . . , p. It is easy to see that
L
γ
αβ = −L
γ
βα. Moreover, the condition (2) of Definition 1 implies that
(
L
γ
αβ ◦ h
) (
ρkγ ◦ h
)
=
(
ρiα ◦ h
) ∂
(
ρkβ ◦ h
)
∂xi
−
(
ρ
j
β ◦ h
) ∂ (ρkα ◦ h)
∂xj
.
The local functions ρiα, L
γ
αβ introduced in the above are called the structure
functions of the generalized Lie algebroid
(
(F, ν,N), [, ]F,h, (ρ, η)
)
. Under the
change of coordinates (2), ρiα and θ
ı˜
α satisfy in the following transformation
rules
ρi
′
α′ = Λ
α
α′ρ
i
α
∂xi
′
∂xi
, θı˜
′
α′ = Λ
α
α′θ
ı˜
α
∂κı˜
′
∂κı˜
,
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where ‖Λαα´‖ =
∥∥Λα´α∥∥−1 . Also, it is known that the following relation is hold
between ρiα and θ
ı˜
α
ρiα ◦ h
∂f ◦ h
∂xi
=
(
θı˜α
∂f
∂κı˜
)
◦ h, ∀f ∈ F (N) .
3 The Lie algebroid generalized tangent bundle
Let M be a 4-dimensional manifold and K be a 1-dimensional manifold. Con-
sidering E = M × K, we introduce the Kaluza-Klein bundle (E, π,M), where
π : E −→ M is the projection map on the first factor. Let (xi), i ∈ {1, 2, 3, 4},
be a coordinate system onM . Then we can consider a coordinate system (xi, y◦)
on E, where y◦ is the fibre coordinate. Let
(xi, y◦) −→ (xi
′
(xi), y◦′(xi, y◦)),
be a change of coordinates on (E, π,M). Then the coordinate y◦ change to y◦′
according to the rule:
y◦
′ =
∂y◦′
∂y◦
y◦.
Now, let
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
be a generalized Lie algebroid. Using the
diagram
E
(
F, [, ]F,h , (ρ, η)
)
π ↓ ↓ ν
M
h
−−−−−−−→ N
(3)
we have the pull-back bundle (π∗(h∗F ), π∗(h∗ν), E). Here we consider the vector
bundles morphism
(
pi∗(h∗F )
ρ , IdE
)
from (π∗ (h∗F ) , π∗ (h∗ν) , E) to (TE, τE , E),
where
π∗ (h∗F )
pi∗(h∗F)
ρ
−−−−−→ TE,
ZαTα (ux) 7−→
(
Zα · ρiα ◦ h ◦ π
) ∂
∂xi
(ux) ,
and {Tα}
p
α=1 be a basis of the sections of the pull-back bundle
(π∗(h∗F ), π∗(h∗ν), E).
Using the operation
Γ (π∗ (h∗F ) , π∗ (h∗ν) , E)
2 [,]pi∗(h∗F )
−−−−−−−−−−−→ Γ (π∗ (h∗F ) , π∗ (h∗ν) , E) ,
defined by
[Tα, Tβ]pi∗(h∗F ) = L
γ
αβ ◦ h ◦ π · Tγ ,
[Tα, fTβ]pi∗(h∗F ) = fL
γ
αβ ◦ h ◦ πTγ + ρ
i
α ◦ h ◦ π
∂f
∂xi
Tβ,
[fTα, Tβ]pi∗(h∗F ) = − [Tβ, fTα]pi∗(h∗F ) ,
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for anyf ∈ F (E), it results that
(
(π∗ (h∗F ) , π∗ (h∗ν) , E) , [, ]pi∗(h∗F ) ,
(
pi∗(h∗F )
ρ , IdE
))
,
is a Lie algebroid which is called the pull-back Lie algebroid of the generalized
Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
If z = zαtα ∈ Γ (F, ν,N), then we obtain the section
Z = (zα ◦ h ◦ π)Tα ∈ Γ (π
∗ (h∗F ) , π∗ (h∗ν) , E) ,
such that Z (ux) = z (h (x)) , for any ux ∈ π
−1
(
U∩h−1V
)
.
Now we consider the vector bundle
(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
. Let
(
∂i, ∂˙◦
)
be
the base sections for the Lie F (E)-algebra
(Γ (TE, τE , E) ,+, ·, [, ]TE) ,
where ∂i :=
∂
∂xi
and ∂˙◦ :=
∂
∂y◦
. Setting
∂˜α := Tα ⊕ (ρ
i
α ◦ h ◦ π)∂i,
˙˜
∂◦ := 0pi∗(h∗F ) ⊕ ∂˙◦,
one can deduce that
Zα∂˜α + Y
◦ ˙˜∂◦ = Z
αTα ⊕
(
Zα
(
ρiα ◦ h ◦ π
)
∂i + Y ∂˙◦
)
,
is a section of
(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
, where ZαTα and Y
◦∂˙◦ are sections of
(π∗ (h∗F ) , π∗ (h∗F ) , E) and (V TE, τE , E), respectively. Moreover, it is easy
to see that the sections ∂˜1, . . . , ∂˜p,
˙˜
∂◦ are linearly independent. Therefore we
can consider the vector subbundle ((ρ, η)TE, (ρ, η) τE , E) of the vector bundle(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
, for which the F (E)-module of sections is the F (E)-
submodule of
(
Γ
(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
,+, ·
)
generated by the set of sections(
∂˜α,
˙˜
∂◦
)
. The vector bundle ((ρ, η)TE, (ρ, η) τE , E) is called the generalized
tangent bundle and the base sections
(
∂˜α,
˙˜
∂◦
)
is called the natural (ρ, η)-base.
The matrix of coordinate transformation on ((ρ, η)TE, (ρ, η) τE , E) at a
change of fibred charts is

 Λ
α´
α ◦ h ◦ π 0(
ρiα ◦ h ◦ π
) ∂y◦′
∂xi
∂y◦′
∂y◦

 .
Theorem 3 The vector bundle ((ρ, η)TE, (ρ, η) τE , E) has a Lie algebroid struc-
ture.
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Proof. We consider the vector bundles morphism (ρ˜, IdE) from
((ρ, η)TE, (ρ, η) τE , E) to (TE, τE , E), where
(ρ, η)TE
ρ˜
−−−→ TE(
Zα∂˜α + Y
◦ ˙˜∂◦
)
(ux) 7−→
(
Zα
(
ρiα◦h◦π
)
∂i+Y
◦∂˙◦
)
(ux).
Also, we define the bracket
Γ ((ρ, η)TE, (ρ, η) τE , E)
2 [,](ρ,η)TE
−−−−−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E) ,
by [
Zα1 ∂˜α + Y
◦
1
˙˜
∂◦, Z
β
2 ∂˜β + Y
◦
2
˙˜
∂◦
]
(ρ,η)TE
=
[
Zα1 Tα, Z
β
2 Tβ
]
pi∗(h∗F )
⊕
[
Zα1
(
ρiα ◦ h ◦ π
)
∂i + Y
◦
1 ∂˙◦, Z
β
2
(
ρ
j
β ◦ h ◦ π
)
∂j + Y
◦
2 ∂˙◦
]
TE
,
for any sections Zα1 ∂˜α + Y
◦
1
˙˜
∂◦ and Z
β
2 ∂˜β + Y
◦
2
˙˜
∂◦ of ((ρ, η)TE, (ρ, η) τE , E). It
is easy to check that
(
[, ](ρ,η)TE , (ρ˜, IdE)
)
is a Lie algebroid structure for the
vector bundle ((ρ, η)TE, (ρ, η) τE , E).
Remark 4 In particular, if h = IdM , then the Lie algebroid(
((IdTM , IdM )TE, (IdTM , IdM ) τE , E) , [, ](IdTM ,IdM)TE ,
(
I˜dTM , IdE
))
,
is isomorphic with the usual Lie algebroid
((TE, τE , E) , [, ]TE , (IdTE , IdE)) .
This is a reason for which the Lie algebroid(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
is called the Lie algebroid generalized tangent bundle.
3.1 (ρ, η)-connections
We consider the vector bundles morphism ((ρ, η)π!, IdE) given by the commu-
tative diagram
(ρ, η)TE
(ρ,η)pi!
−−−−−−−→ π∗ (h∗F )
(ρ, η) τE ↓ ↓ π
∗ (h∗ν)
E
IdE
−−−→ E
defined by
(ρ, η)π!
((
Zα∂˜α + Y
◦ ˙˜∂◦
)
(ux)
)
= (ZαTα) (ux) ,
for any Zα∂˜α + Y
◦ ˙˜∂◦ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E). Using this morphism, we
obtain the tangent (ρ, η)-application ((ρ, η)Tπ, h ◦ π) from
((ρ, η)TE, (ρ, η) τE , E) to (F, ν,N).
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Definition 5 The kernel of the tangent (ρ, η)-application is denoted by
(V (ρ, η)TE, (ρ, η) τE , E) ,
and it is called the vertical subbundle.
It is remarkable that
{
˙˜
∂◦
}
is a base of the F (E)-module
(Γ (V (ρ, η)TE, (ρ, η) τE , E) ,+, ·) .
The fiber bundles morphism (Π, π) defined by the commutative diagram
V (ρ, η)TE
Π
−−→ E
(ρ, η) τE ↓ ↓ π
E
pi
−−−−→ M
such that the components of the image of the vector Y
˙˜
∂ (ux) are the real number
Y (ux) is called the canonical projection fiber bundle morphism.
Proposition 6 The short sequence of vector bundles
0 →֒ V (ρ, η) TE →֒ (ρ, η)TE
(ρ,η)pi!
−−−−−−−→ π∗ (h∗F ) −→ 0
↓ ↓ ↓ ↓ ↓
E
IdE
−−−−→ E
IdE
−−−→ E
IdE
−−−−→ E
IdE
−−−−→ E
is exact.
Definition 7 A manifolds morphism (ρ, η) Γ from (ρ, η)TE to V (ρ, η)TE de-
fined by
(ρ, η) Γ
(
Zγ ∂˜γ + Y
◦ ˙˜∂◦
)
(ux) =
(
Y ◦ + (ρ, η) Γ◦γZ
γ
) ˙˜
∂◦ (ux) ,
such that the vector bundles morphism ((ρ, η) Γ, IdE) is a split to the left in
the above exact sequence, is called (ρ, η)-connection for the Kaluza-Klein bundle
(E, π,M).
In particular case, the (ρ, IdM )-connection is called ρ-connection and it is de-
noted by ρΓ and in the classical case, the (IdTM , IdM )-connection is called
connection and it is denoted by Γ.
Theorem 8 If (ρ, η) Γ is a (ρ, η)-connection for the Kaluza-Klein bundle
(E, π,M) , then its components satisfy the law of transformation
(ρ, η) Γ◦
′
γ′ =
∂y◦′
∂y◦
[
ρkγ ◦ h ◦ π
∂y◦
∂xk
+ (ρ, η) Γ◦γ
]
Λγγ′ ◦ h ◦ π. (4)
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In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), the above relation
reduce to
ρΓ◦
′
γ′ =
∂y◦′
∂y◦
[
ρkγ ◦ π
∂y◦
∂xk
+ ρΓ◦γ
]
Λγγ′ ◦ π,
and in the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), the relations (4) reduce
to
Γ◦
′
k′ =
∂y◦′
∂y◦
[
∂y◦
∂xk
+ Γ◦k
]
∂xk
∂xk
′ ◦ τM .
Definition 9 Let (ρ, η) Γ be a (ρ, η)-connection for the Kaluza-Klein bundle
(E, π,M). Then the kernel of the vector bundles morphism ((ρ, η) Γ, IdE) is
a vector subbundle of vector bundle ((ρ, η)TE, (ρ, η) τE , E) which is called the
horizontal subbundle and it is denoted by (H (ρ, η)TE, (ρ, η) τE , E).
We put
δ˜α = ∂˜α − (ρ, η) Γα
˙˜
∂◦ = Tα ⊕
((
ρiα ◦ h ◦ π
)
∂i − (ρ, η) Γ
◦
α∂˙◦
)
.
It is easy to see that {δ˜α} is a basis for the F (E)-module
(Γ (H (ρ, η) TE, (ρ, η) τE , E) ,+, ·) ,
and
(
δ˜α,
˙˜
∂◦
)
is a basis for the F (E) -module
(Γ ((ρ, η)TE, (ρ, η) τE , E) ,+, ·) ,
which is called the adapted (ρ, η)-base. Moreover, the following equality holds
Γ (ρ˜, IdE)
(
δ˜α
)
=
(
ρiα ◦ h ◦ π
)
∂i − (ρ, η) Γ
◦
α∂˙◦,
where
(
δi, ∂˙◦
)
is the adapted base for the F (E)-module (Γ (TE, τE , E) ,+, ·).
Theorem 10 The following equalities hold[
δ˜α, δ˜β
]
(ρ,η)TE
= Lγαβ ◦ (h ◦ π) δ˜γ + (ρ, η, h)R
◦
αβ
˙˜
∂◦,[
δ˜α,
˙˜
∂◦
]
(ρ,η)TE
= Γ (ρ˜, IdE)
(
˙˜
∂◦
)
((ρ, η) Γ◦α)
˙˜
∂◦,
where
(ρ, η, h)R◦αβ = Γ (ρ˜, IdE)
(
δ˜β
)
((ρ, η) Γ◦α)− Γ (ρ˜, IdE)
(
δ˜α
) (
(ρ, η) Γ◦β
)
+
(
L
γ
αβ ◦ h ◦ π
)
(ρ, η) Γ◦γ .
If (dz˜α, dy˜◦) is the natural dual (ρ, η)-base of the natural (ρ, η)-base
(
∂˜α,
˙˜
∂◦
)
,
then it is easy to check that (dz˜α, δy˜◦) is the dual (ρ, η)-base of the adapted
(ρ, η)-base
(
δ˜α,
˙˜
∂◦
)
, where
δy˜◦ = (ρ, η) Γ◦αdz˜
α + dy˜◦.
The base (dz˜α, δy˜◦) is called the adapted dual (ρ, η)-base.
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3.2 Distinguished linear (ρ, η)-connections
Let (ρ, η) Γ be a (ρ, η)-connection for the Kaluza-Klein bundle (E, π,M) and let(
T p,1q,1 ((ρ, η)TE, (ρ, η) τE , E) ,+, ·
)
,
be the F (E)-module of
(
p,1
q,1
)
-tensor fields of the generalized tangent bundle
(H (ρ, η)TE, (ρ, η) τE , E)⊕ (V (ρ, η)TE, (ρ, η) τE , E) .
An arbitrarily tensor field T with respect to the adapted (ρ, η)-base
(
δ˜α,
˙˜
∂◦
)
is written as
T = T
α1...αp◦
β1...βq◦
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗ ˙˜∂◦ ⊗ δy˜
◦.
Let (T ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,⊗) be the tensor fields algebra of general-
ized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) and let
(X,T )
(ρ,η)D
−−−−→ (ρ, η)DXT,
be a covariant (ρ, η)-derivative for the tensor algebra
(T ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,⊗) ,
of the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) which preserves the
horizontal and vertical interior differential systems by parallelism. The real local
functions (
(ρ, η)Hαβγ , (ρ, η)H
◦
◦γ , (ρ, η)V
α
β◦, (ρ, η)V
◦
◦◦
)
,
defined by the following equalities:
(ρ, η)Dδ˜γ δ˜β = (ρ, η)H
α
βγ δ˜α, (ρ, η)Dδ˜γ
˙˜
∂◦ = (ρ, η)H
◦
◦γ
˙˜
∂◦,
(ρ, η)D ˙˜
∂◦
δ˜β = (ρ, η)V
α
β◦δ˜α, (ρ, η)D ˙˜∂◦
˙˜
∂◦ = (ρ, η)V
◦
◦◦
˙˜
∂◦,
are the components of a linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) for the gen-
eralized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) which is called the distinguished
linear (ρ, η)-connection.
In the particular case of Lie algebroids, h = IdM = η, we obtain the dis-
tinguished linear ρ-connection. The components of a distinguished linear ρ-
connection (ρH, ρV ) are denoted by(
ρHαβγ , ρH
◦
◦γ , ρV
α
β◦, ρV
◦
◦◦
)
.
In addition, if ρ = IdTM , then we obtain the classical distinguished linear con-
nection. The components of a distinguished linear connection (H,V ) are de-
noted by (
Hijk, H
◦
◦k, V
i
j◦, V
◦
◦◦
)
.
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Theorem 11 If ((ρ, η)H, (ρ, η)V ) is a distinguished linear (ρ, η)-connection for
the generalized tangent bundle ((ρ, η) TE, (ρ, η) τE , E), then its components
satisfy the change relations:
(ρ, η)Hα
′
β′γ′ = Λ
α′
α ◦ h ◦ π ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)(
Λαβ ◦ h ◦ π
)
+
+ (ρ, η)Hαβγ · Λ
β
β′ ◦ h ◦ π
]
· Λγγ′ ◦ h ◦ π,
(ρ, η)H◦
′
◦′γ′ =
∂y◦′
∂y◦
·
[
Γ (ρ˜, IdE)
(
δ˜γ
)(
∂y◦
∂y◦′
)
+
+(ρ, η)H◦◦γ ·
∂y◦
∂y◦′
]
· Λγγ′ ◦ h ◦ π,
(ρ, η) V α
′
β′◦′ = Λ
α′
α ◦ h ◦ π · (ρ, η)V
α
β◦ · Λ
β
β′
◦ h ◦ π · ∂y
◦
∂y◦′
,
(ρ, η) V ◦
′
◦′◦′ =
∂y◦′
∂y◦
· (ρ, η)V ◦◦◦ ·
∂y◦
∂y◦′
· ∂y
◦
∂y◦′
.
In the particular case of Lie algebroids, (η, h) = (IdM , IdM ) , we obtain
ρHα
′
β′γ′ = Λ
α′
α ◦ π ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)(
Λαβ′ ◦ π
)
+ ρHαβγ · Λ
β
β′
◦ π
]
· Λγγ′ ◦ π,
ρH◦
′
◦′γ′ =
∂y◦′
∂y◦
·
[
Γ (ρ˜, IdE)
(
δ˜γ
)(
∂y◦
∂y◦′
)
+ ρH◦◦γ ·
∂y◦
∂y◦′
]
· Λγγ′ ◦ π,
ρV α
′
β′◦′ = Λ
α
α′ ◦ π · ρV
α
β◦ · Λ
β
β′
◦ π · ∂y
◦
∂y◦′
,
ρV ◦
′
◦′◦′ =
∂y◦′
∂y◦
· ρV ◦◦◦ ·
∂y◦
∂y◦′
· ∂y
◦
∂y◦′
.
Also, in the classical case, (ρ, η, h) = (IdTM , IdM , IdM ) , we deduce that the
components of a distinguished linear connection (H,V ) satisfy the change rela-
tions:
Hi
′
j′k′ =
∂xi
′
∂xi
◦ π ·
[
δ
δxk
(
∂xi
∂xj
′ ◦ π
)
+Hijk ·
∂xj
∂xj
′ ◦ π
]
· ∂x
k
∂xk
′ ◦ π,
H◦
′
◦′k′ =
∂y◦′
∂y◦
·
[
δ
δxk
(
∂y◦
∂y◦′
)
+H◦◦k ·
∂y◦
∂y◦′
]
· ∂x
k
∂xk
′ ◦ π,
V i
′
j′◦′ =
∂xi
′
∂xi
◦ π · V ij◦ ·
∂xj
∂xj
′ ◦ π ·
∂y◦
∂y◦′
,
V ◦
′
◦′◦′ =
∂y◦′
∂y◦
· V ◦◦◦ ·
∂y◦
∂y◦′
· ∂y
◦
∂y◦′
.
Example 12 The local real functions
(
∂(ρ,η)Γ◦γ
∂y◦
,
∂(ρ,η)Γ◦γ
∂y◦
, 0, 0
)
,
are the components of a distinguished linear (ρ, η)-connection for the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) , which is called the Berwald linear (ρ, η)-
connection.
Note that the Berwald linear (IdTM , IdM )-connection is the usual Berwald lin-
ear connection.
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Theorem 13 If the generalized tangent bundle ((ρ,η)TE,(ρ,η)τE ,E) is endowed
with a distinguished linear (ρ,η)-connection ((ρ, η)H, (ρ, η)V ), then for any
X = Zαδ˜α + Y
◦ ˙˜∂◦ ∈ Γ((ρ, η)TE,(ρ,η)τE ,E),
and
T ∈ T p1q1 ((ρ, η)TE,(ρ, η)τE ,E),
we obtain the formula:
(ρ, η)DX
(
T
α1···αp◦
β1···βq◦
δ˜α1 ⊗ · · · ⊗ δ˜αp ⊗ dz˜
β1 ⊗ · · · ⊗ dz˜βq ⊗ ˙˜∂◦ ⊗ δy˜
◦
)
= ZγT
α1...αp◦
β1...βq◦|γ
δ˜α1 ⊗ · · · ⊗ δ˜αp ⊗ dz˜
β1 ⊗ · · · ⊗ dz˜βq ⊗ ˙˜∂◦ ⊗ δy˜
◦
+Y ◦T
α1...αp◦
β1...βq◦
|◦ δ˜α1 ⊗ · · · ⊗ δ˜αp ⊗ dz˜
β1 ⊗ · · · ⊗ dz˜βq ⊗ ˙˜∂◦ ⊗ δy˜
◦,
where
T
α1···αp◦
β1···βq◦|γ
= Γ (ρ˜, IdE)
(
δ˜γ
)
T
α1···αp◦
β1...βq◦
+(ρ, η)Hα1αγT
αα2···αp◦
β1···βq◦
+ · · ·+ (ρ, η)H
αp
αγT
α1···αp−1◦
β1···βq◦
− (ρ, η)Hββ1γT
α1···αp◦
ββ2···βq◦
− · · · − (ρ, η)HββqγT
α1···αp◦
β1···βq−1β◦
,
and
T
α1···αp◦
β1···βq◦
|◦= Γ (ρ˜, IdE)
(
˙˜
∂◦
)
T
α1···αp◦
β1···βq◦
+(ρ, η)V α1α◦ T
αα2···αp◦
β1···βq◦
+ · · ·+ (ρ, η)V
αp
α◦ T
α1···αp−1α◦
β1···βq◦
− (ρ, η)V ββ1◦T
α1···αp◦
ββ2···βq◦
− · · · − (ρ, η)V ββq◦T
α1···αp◦
β1···βq−1β◦
.
In the particular case of Lie algebroids, (η, h) = (IdM , IdM ) , we obtain
T
α1···αp◦
β1···βq◦|γ
= Γ (ρ˜, IdE)
(
δ˜γ
)
T
α1···αp◦
β1...βq◦
+ρHα1αγT
αα2···αp◦
β1···βq◦
+ · · ·+ ρH
αp
αγT
α1···αp−1◦
β1···βq◦
−ρHββ1γT
α1···αp◦
ββ2···βq◦
− · · · − ρHββqγT
α1···αp◦
β1···βq−1β◦
,
and
T
α1···αp◦
β1···βq◦
|◦= Γ (ρ˜, IdE)
(
˙˜
∂◦
)
T
α1···αp◦
β1···βq◦
+ρV α1α◦ T
αα2···αp◦
β1···βq◦
+ · · ·+ ρV
αp
α◦ T
α1···αp−1α◦
β1···βq◦
−ρV ββ1◦T
α1···αp◦
ββ2···βq◦
− · · · − ρV ββq◦T
α1···αp◦
β1···βq−1β◦
.
Moreover, in the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain
T
i1···ip◦
j1···jq◦|k
= δk
(
T
i1···ip◦
j1···jq◦
)
+Hi1ikT
ii2···ip◦
j1···jq◦
+ · · ·+H
ip
ikT
i1···ip−1i◦
β1···βq◦
−Hjj1kT
i1···ip◦
jj2···jq◦
− · · · −HjjqkT
α1···αp◦
j1···jq−1j◦
,
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and
T
i1···ip◦
j1···jq◦
|◦= ∂˙◦
(
T
α1···αp◦
β1···βq◦
)
+V i1i◦ T
ii2···ip◦
j1···jq◦
+ · · ·+ V
ip
i◦ T
i1···ip−1i◦
β1···βq◦
−V jj1◦T
i1···ip◦
jj2···jq◦
− · · · − V jjq◦T
i1···ip◦
j1···jq−1j◦
.
4 The (g, h)-lift of a differentiable curve
In this section we use the Kaluza-Klein bundle such that the fibre K is an 1-
dimensional real vector space. Thus we obtain the Kaluza-Klein vector bundle
(E, π,M).
Let c : I →M be a differentiable curve. Then(
E| Im(η◦h◦c), π| Im(η◦h◦c), Im (η ◦ h ◦ c)
)
,
is a vector subbundle of (E, π,M).
Definition 14 Let
I
c˙
−−−→ E| Im(η◦h◦c),
t 7−→ y◦ (t) s◦ (η ◦ h ◦ c (t)) ,
be a differentiable curve. If there exists a manifolds morphism g : E → F such
that the following conditions are hold:
1) (g, h) is a vector bundle morphism from (E, π,M) to (F, ν,N),
2) ρ ◦ g ◦ c˙ (t) =
d (η ◦ h ◦ c)i (t)
dt
∂
∂xi
((η ◦ h ◦ c) (t)) , for any t ∈ I,
then c˙ is called the (g, h)-lift of the differentiable curve c.
Remark 15 The second condition is equivalent with the following:
ρiα (η ◦ h ◦ c (t)) · g
α
◦ (h ◦ c (t)) · y
◦ (t) = d(η◦h◦c)
i(t)
dt
, i ∈ 1, . . . , 4.
Definition 16 If c˙ : I −→ E| Im(η◦h◦c), is a differentiable (g, h)-lift of the dif-
ferentiable curve c, then the section
Im (η ◦ h ◦ c)
u(c,c˙)
−−−→ E| Im(η◦h◦c),
η ◦ h ◦ c (t) 7−→ c˙ (t) ,
is called the canonical section associated to (c, c˙).
Definition 17 If (g, h) has the components
gα◦ , α ∈ 1, . . . , p,
such that for any local vector chart (V, tV ) of (F, ν,N), there exists the real
functions
V
g˜◦α
−−−−−−→ R, α ∈ 1, . . . , p,
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such that
g˜◦β (κ) · g
α
◦ (κ) = δ
α
β ,
for any κ ∈ V, then we say that the (g, h) is locally invertible.
Definition 18 If c˙ : I −→ E| Im(η◦h◦c) is a differentiable (g, h)-lift of differ-
entiable curve c, such that its component function (y◦) is solution for the dif-
ferentiable system of equations:
du◦
dt
+ (ρ, η) Γ◦α ◦ u (c, c˙) ◦ (η ◦ h ◦ c) · g
α
◦ ◦ h ◦ c · u
◦ = 0,
then we say that the (g, h)-lift c˙ is parallel with respect to the (ρ, η)-connection
(ρ, η) Γ.
4.1 The lift of accelerations for a differentiable curve
Let
I
c˙
−−−→ E| Im(η◦h◦c),
t 7−→ y◦ (t) s◦ (η ◦ h ◦ c (t)) ,
be the (g, h)-lift of differentiable curve I
c
−−−→ M.
Definition 19 The differentiable curve c¨ : I −→ (ρ, η)TE| Im c˙ defined by
c¨(t) = (gα◦ ◦ h ◦ c (t) · y
◦ (t)) ∂˜α (c˙ (t)) +
dy◦(t)
dt
˙˜
∂◦ (c˙ (t)) ,
is called the differentiable (g, h)-lift of accelerations of the differentiable curve c.
Moreover, the section
Im (c˙)
u(c,c˙,c¨)
−−−−−→ (ρ, η)TE| Im(c˙),
c˙ (t) 7−→ (gα◦ ◦ h ◦ c (t) · y
◦ (t)) ∂˜α (c˙ (t)) +
dy◦ (t)
dt
˙˜
∂◦ (c˙ (t)) ,
is called the canonical section associated to the triple (c, c˙, c¨).
In the adapted (ρ, η)-base
(
δ˜α,
˙˜
∂◦
)
, we can rewrite the above equation as follows:
u (c, c˙, c¨) (c˙ (t)) = (gα◦ ◦ h ◦ c (t) y
◦ (t)) δ˜α (c˙ (t)) +
dy◦ (t)
dt
˙˜
∂◦ (c˙ (t))
+ (ρ, η) Γ◦α ◦ u (c, c˙) ◦ η ◦ h ◦ c (t) · (g
α
◦ ◦ h ◦ c (t) y
◦ (t))
˙˜
∂◦ (c˙ (t)) ,
where t ∈ I. It is easy to check that u (c, c˙, c¨) (c˙ (t)) ∈ H (ρ, η)TE| Im(c˙) if and
only if the component function y◦ is solution for the differentiable equations
du◦
dt
+ (ρ, η) Γ◦α ◦ u (c, c˙) ◦ η ◦ h ◦ c · (g
α
◦ ◦ h ◦ c) · u
◦ = 0.
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Definition 20 If the component functions ((gα◦ ◦ h ◦ c) y
◦) are solutions for the
differentiable system of equations
dzα
dt
+ (ρ, η)Hαβγ ◦ u (c, c˙) ◦ η ◦ h ◦ c · z
β · zγ = 0, α ∈ 1, · · · , p,
then the differentiable curve c˙ is called horizontal parallel with respect to the
distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ). Also, if the component
function y◦ is a solution for the differentiable system of equations
du◦
dt
+ (ρ, η)V ◦◦◦ ◦ u (c, c˙) ◦ η ◦ h ◦ c · u
◦ · u◦ = 0,
then the differentiable curve c˙ is called vertical parallel with respect to the dis-
tinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ).
5 The (ρ, η, h)-torsion and the (ρ, η, h)-curvature
of a distinguished linear (ρ, η)-connection
Let (ρ, η)Γ be a (ρ, η)-connection for the Kaluza-Klein bundle (E, π,M) and let
((ρ, η)H, (ρ, η)V ) be a distinguished linear (ρ, η)-connection for the Lie algebroid
generalized tangent bundle
(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
.
Definition 21 The application
Γ ((ρ, η)TE, (ρ, η) τE , E)
2 (ρ,η,h)T
−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E) ,
(X,Y ) 7−→ (ρ, η)T (X,Y ) ,
defined by
(ρ, η, h)T (X,Y ) = (ρ, η)DXY − (ρ, η)DYX − [X,Y ](ρ,η)TE ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E), is called the (ρ, η, h)-torsion associ-
ated to distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) . Moreover, the
applications
H (ρ, η, h)T (H (·) ,H (·)) , V (ρ, η, h)T (H (·) ,H (·)) , . . . ,V (ρ, η, h)T (V (·) ,V (·))
are called H (HH) , V (HH) , . . . ,V (VV) (ρ, η, h)-torsions associated to distin-
guished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Proposition 22 The (ρ, η, h)-torsion (ρ, η, h)T associated to distinguished lin-
ear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is R-bilinear and antisymmetric in the
lower indices.
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Using the notations
H (ρ, η, h)T
(
δ˜γ , δ˜β
)
= (ρ, η, h)Tαβγ δ˜α,
V (ρ, η, h)T
(
δ˜γ , δ˜β
)
= (ρ, η, h)T◦βγ
˙˜
∂◦,
H (ρ, η, h)T
(
˙˜
∂◦, δ˜β
)
= (ρ, η, h)Pαβ◦δ˜α,
V (ρ, η, h)T
(
˙˜
∂◦, δ˜β
)
= (ρ, η, h)P◦β◦
˙˜
∂◦,
V (ρ, η, h)T
(
˙˜
∂◦,
˙˜
∂◦
)
= (ρ, η, h)S◦◦◦
˙˜
∂◦,
we can prove the following
Theorem 23 The (ρ, η, h)-torsion (ρ, η, h)T associated to the distinguished lin-
ear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is characterized by the tensor fields with
local components:
(ρ, η, h)Tαβγ = (ρ, η)H
α
βγ − (ρ, η)H
α
γβ − L
α
βγ ◦ h ◦ π,
(ρ, η, h)T◦βγ = (ρ, η, h)R
◦
βγ ,
(ρ, η, h)Pαβ◦ = (ρ, η)V
α
β◦,
(ρ, η, h)P◦β◦ =
∂
∂y◦
(
(ρ, η) Γ◦β
)
− (ρ, η)H◦◦β ,
(ρ, η, h)S◦◦◦ = (ρ, η)V
◦
◦◦ − (ρ, η)V
◦
◦◦ = 0.
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ), we deduce the following local
components of torsion associated to distinguished linear connection (H,V ):
Tijk = H
i
jk −H
i
kj , T
◦
jk = R
◦
jk,
Pij◦ = V
i
j◦, P
◦
j◦ =
∂Γ◦j
∂y◦
−H◦◦j ,
S◦◦◦ = V
◦
◦◦ − V
◦
◦◦ = 0.
Definition 24 The application
(Γ ((ρ, η)TE, (ρ, η) τE , E))
3 (ρ,η,h)R
−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E) ,
((Y, Z) , X) 7−→ (ρ, η, h)R ((Y, Z) , X) ,
defined by
(ρ, η, h)R (Y, Z)X = (ρ, η)DY ((ρ, η)DZX)− (ρ, η)DZ ((ρ, η)DYX)
− (ρ, η)D[Y,Z](ρ,η)TEX,
for any X,Y, Z ∈ Γ ((ρ, η)TE, (ρ, η) τE , E), is called the (ρ, η, h)-curvature as-
sociated to distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
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Proposition 25 The (ρ, η, h)-curvature (ρ, η, h)R associated to distinguished
linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is R-linear in each argument and
antisymmetric in the first two arguments.
Using the notations
(ρ, η, h)R
(
δ˜ε, δ˜γ
)
δ˜β = (ρ, η, h)R
α
β γεδ˜α,
(ρ, η, h)R
(
δ˜ε, δ˜γ
)
˙˜
∂◦ = (ρ, η, h)R
◦
◦ γε
˙˜
∂◦,
(ρ, η, h)R
(
˙˜
∂◦, δ˜γ
)
δ˜ε = (ρ, η, h)P
α
ε γ◦δ˜α,
(ρ, η, h)R
(
˙˜
∂◦, δ˜γ
)
˙˜
∂◦ = (ρ, η, h)P
◦
◦ γ◦
˙˜
∂◦,
(ρ, η, h)R
(
˙˜
∂◦,
˙˜
∂◦
)
δ˜β = (ρ, η, h)S
α
β ◦◦δ˜α,
(ρ, η, h)R
(
˙˜
∂◦,
˙˜
∂◦
)
˙˜
∂◦ = (ρ, η, h)S
◦
◦ ◦◦
˙˜
∂◦,
we derive the following
Theorem 26 The (ρ, η, h)-curvature (ρ, η, h)R associated to distinguished lin-
ear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is characterized by the tensor fields with
the local components:


(ρ, η, h)Rαβ γε= Γ(ρ˜, IdE)
(˜
δε
)
(ρ, η)Hαβγ−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)Hαβε
+(ρ, η)Hαθε(ρ, η)H
θ
βγ−(ρ, η)H
α
θγ(ρ, η)H
θ
βε
−(ρ, η, h)R◦γε(ρ, η)H
α
β◦−L
θ
γε ◦ h ◦ π(ρ, η)H
α
βθ,
(ρ, η, h)R◦◦ γε = Γ(ρ˜, IdE)
(˜
δε
)
(ρ, η)H◦◦γ−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)H◦◦ε
+(ρ, η)H◦◦ε(ρ, η)H
◦
◦γ−(ρ, η)H
◦
◦γ(ρ, η)H
◦
◦ε
−(ρ, η, h)R◦εγ(ρ, η)V
◦
◦◦−L
θ
γε ◦ h ◦ π(ρ, η)V
◦
◦θ,


(ρ, η, h)Pαε γ◦ = Γ(ρ˜, IdE)(
˙˜
∂◦)(ρ, η)H
α
εγ−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)V αε◦
+(ρ, η)V αθ◦(ρ, η)H
θ
εγ − (ρ, η)H
α
θγ(ρ, η)V
θ
ε◦
+∂˙◦
(
(ρ, η) Γ◦γ
)
(ρ, η)V αε◦,
(ρ, η, h)P◦◦ γ◦ = Γ(ρ˜, IdE)
(
˙˜
∂◦
)
(ρ, η)H◦◦γ−
−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)V ◦◦◦ + (ρ, η)V
◦
◦◦(ρ, η)H
◦
◦γ−
−(ρ, η)H◦◦γ(ρ, η)V
◦
◦◦ + ∂˙◦(
(
ρ, η)Γ◦γ
)
(ρ, η)V ◦◦◦,
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

(ρ, η, h)Sαβ ◦◦= Γ (ρ˜, IdE)
(
˙˜
∂◦
)
(ρ, η) V αβ◦
−Γ (ρ˜, IdE)
(
˙˜
∂◦
)
(ρ, η)V αβ◦ + (ρ, η) V
α
θ◦ (ρ, η)V
θ
β◦
− (ρ, η)V αθ◦ (ρ, η)V
θ
β◦ = 0,
(ρ, η, h)S◦◦ ◦◦= Γ (ρ˜, IdE)
(
˙˜
∂◦
)
(ρ, η) V ◦◦◦
−Γ (ρ˜, IdE)
(
˙˜
∂◦
)
(ρ, η)V ◦◦◦ + (ρ, η)V
◦
◦◦ (ρ, η)V
◦
◦◦
− (ρ, η)V ◦◦◦ (ρ, η)V
◦
◦◦ = 0.
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ), we obtain the following lo-
cal components of the curvature associated to distinguished linear connection
(H,V ):
Rij kl = δl
(
Hijk
)
− δk
(
Hijl
)
+HihlH
h
jk −H
i
hkH
h
jl − R
◦
klH
i
j◦,
R◦◦ kl = δl (H
◦
◦k)− δk (H
◦
◦l) +H
◦
◦lH
◦
◦k −H
◦
◦kH
◦
◦l − R
◦
lkV
◦
◦◦,
Pil k◦ = ∂˙◦
(
Hilk
)
− δk
(
V il◦
)
+ V ih◦H
h
lk −H
i
hkV
h
l◦ + ∂˙◦ (Γ
◦
k)V
i
l◦,
P◦◦ k◦ = ∂˙◦ (H
◦
◦k)− δk (V
◦
◦◦) + V
◦
◦◦H
◦
◦k −H
◦
◦kV
◦
◦◦ + ∂˙◦ (Γ
◦
k)V
◦
◦◦,
Sij ◦◦ = ∂˙◦
(
V ij◦
)
− ∂˙◦
(
V ij◦
)
+ V ih◦V
h
j◦ − V
i
h◦V
h
j◦ = 0,
S◦◦ ◦◦ = ∂˙◦ (V
◦
◦◦)− ∂˙◦ (V
◦
◦◦) + V
◦
◦◦V
◦
◦◦ − V
◦
◦◦V
◦
◦◦ = 0.
Definition 27 The tensor field
Ric ((ρ, η)H, (ρ, η)V ) = (ρ, η, h)R α βdz˜
α ⊗ dz˜β + (ρ, η, h)P α ◦dz˜
α ⊗ δy˜◦
+ (ρ, η, h)P ◦ βδy˜
◦ ⊗ dz˜β + (ρ, η, h)S ◦ ◦δy˜
◦ ⊗ δy˜◦,
is called the Ricci tensor field associated to distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ), where
(ρ, η, h)R α β = (ρ, η, h)R
γ
α βγ , (ρ, η, h)P α ◦ = (ρ, η, h)P
β
α β◦,
(ρ, η, h)P ◦ β = (ρ, η, h)P
◦
◦ β◦, (ρ, η, h)S ◦ ◦ = (ρ, η, h)S
◦
◦ ◦◦.
5.1 Identities of Cartan and Bianchi type
Let (ρ, η)Γ be a (ρ, η)-connection for the Kaluza-Klein bundle (E, π,M) and let
((ρ, η)H, (ρ, η)V ) be a distinguished linear (ρ, η)-connection for the Lie algebroid
generalized tangent bundle(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
.
Using the definition of (ρ, η, h)-curvature associated to the distinguished linear
(ρ, η)-connection ((ρ, η)H, (ρ, η)V ), we have the following
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Theorem 28 The following equalities hold


(ρ, η)DHX (ρ, η)DHYHZ − (ρ, η)DHY (ρ, η)DHXHZ
= (ρ, η, h)R (HX,HY )HZ + (ρ, η)DH[HX,HY ](ρ,η)TEHZ
+(ρ, η)DV[HX,HY ](ρ,η)TEHZ,
(ρ, η)DVX (ρ, η)DHYHZ − (ρ, η)DHY (ρ, η)DVXHZ
= (ρ, η, h)R (VX,HY )HZ + (ρ, η)DH[VX,HY ](ρ,η)TEHZ
+(ρ, η)DV[VX,HY ](ρ,η)TEHZ,
(ρ, η)DVX (ρ, η)DVYHZ − (ρ, η)DVY (ρ, η)DVXHZ
= (ρ, η, h)R (VX,VY )HZ + (ρ, η)DV[VX,VY ](ρ,η)TEHZ,
(5)
and


(ρ, η)DHX (ρ, η)DHY VZ − (ρ, η)DHY (ρ, η)DHXVZ
= (ρ, η, h)R (HX,HY )VZ + (ρ, η)DH[HX,HY ](ρ,η)TEVZ
+(ρ, η)DV[HX,HY ](ρ,η)TEVZ,
(ρ, η)DVX (ρ, η)DHY VZ − (ρ, η)DHY (ρ, η)DVXVZ
= (ρ, η, h)R (VX,HY )VZ + (ρ, η)Dh[VX,HY ](ρ,η)TEVZ
+(ρ, η)DV[VX,HY ](ρ,η)TEVZ,
(ρ, η)DVX (ρ, η)DVY VZ − (ρ, η)DVY (ρ, η)DVXVZ
= (ρ, η, h)R (VX,VY )VZ + (ρ, η)DV[VX,VY ](ρ,η)TEVZ.
(6)
Using the above theorem, we obtain the following formulas of Ricci type:


Z˜α|γ|β − Z˜
α
|β|γ = (ρ, η, h)R
α
θ γβZ˜
θ +
(
Lθβγ ◦ h ◦ π
)
Z˜α|θ
+(ρ, η, h)T◦βγZ˜
α|◦ + (ρ, η, h)T
θ
βγZ˜
α
|θ,
Z˜α|γ |◦ − Z˜
α|◦|γ = (ρ, η, h)P
α
θ γ◦Z˜
θ − (ρ, η, h)P◦γ◦Z˜
α|◦
− (ρ, η)H◦◦γZ˜
α|◦,
Z˜α|◦|◦ − Z˜
α|◦|◦ = (ρ, η, h)S
α
θ ◦◦Z˜
θ + (ρ, η, h)S◦◦◦Z˜
α|◦,
(7)
and 

Y ◦|γ|β − Y
◦
|β|γ = (ρ, η, h)R
◦
◦ γβY
◦ +
(
Lθβγ ◦ h ◦ π
)
Y ◦|θ
+(ρ, η)T◦βγY
◦|◦ + (ρ, η, h)T
θ
βγY
◦
|θ,
Y ◦|γ |◦ − Y
◦|◦|γ = (ρ, η, h)P
◦
θ γ◦Y
θ − (ρ, η, h)P◦γ◦Y
◦|◦
− (ρ, η)H◦◦γY
◦|◦,
Y ◦|◦|◦ − Y
◦|◦|◦ = (ρ, η, h)S
◦
◦ ◦◦Y
◦ + (ρ, η, h)S◦◦◦Y
◦|◦.
(8)
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In particular, if (ρ, η, h) = (IdTM , IdM , idM ) and the Lie bracket [, ]TM is the
usual Lie bracket, then the formulas of Ricci type (7) and (8) reduce to


Z˜i |k|j − Z˜
i
|j|k = R
i
h kj Z˜
h + T◦jkZ˜
i|◦ + T
h
jkZ˜
i
|h,
Z˜i |k|◦ − Z˜
i|◦|k = P
i
h k◦Z˜
h − P◦k◦Z˜
i|◦ −H
◦
◦kZ˜
i|◦,
Z˜i|◦|◦ − Z˜
i|◦|◦ = S
i
h ◦◦Z˜
h + S◦◦◦Z˜
i|◦,
and 

Y ◦|k|j − Y
◦
|j|k = R
◦
0 kjY
c + T◦jkY
◦|◦ + T
h
jkY
◦
|h,
Y ◦ |k|◦ − Y
◦|◦|k = P
◦
h k◦Y
h − P◦k◦Y
◦|◦ −H
◦
◦kY
◦|◦,
Y ◦|◦|◦ − Y
◦|◦|◦ = S
◦
◦ ◦◦Y
◦ + S◦◦◦Y
◦|◦.
We consider the following 1-forms associated to distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V )
(ρ, η)ωαβ = (ρ, η)H
α
βγdz˜
γ + (ρ, η)V αβ◦δy˜
◦,
(ρ, η)ω◦◦ = (ρ, η)H
◦
◦γdz˜
γ + (ρ, η)V ◦◦◦δy˜
◦.
Moreover, we obtain the following torsion 2-forms

(ρ, η, h)Tα =
1
2
(ρ, η, h)Tαβγdz˜
β ∧ dz˜γ + (ρ, η, h)Pαβ◦dz˜
β ∧ δy˜◦,
(ρ, η, h)T◦ =
1
2
(ρ, η, h)T◦βγdz˜
β ∧ dz˜γ + (ρ, η, h)P◦β◦dz˜
β ∧ δy˜◦
+
1
2
(ρ, η, h)S◦◦◦δy˜
◦ ∧ δy˜◦,
and

(ρ, η, h)Rαβ =
1
2
(ρ, η, h)Rαβ γθdz˜
γ ∧ dz˜θ + (ρ, η, h)Pαβ γ◦dz˜
γ ∧ δy˜◦
+ 12 (ρ, η, h)S
α
β ◦◦δy˜
◦ ∧ δy˜◦,
(ρ, η, h)R◦◦ =
1
2
(ρ, η, h)R◦◦ γθdz˜
γ ∧ dz˜θ + (ρ, η, h)P◦◦ γ◦dz˜
γ ∧ δy˜◦
+ 12 (ρ, η, h)S
◦
◦ ◦◦δy˜
◦ ∧ δy˜◦.
Theorem 29 The following identities of Cartan type hold
(ρ, η, h)Tα = d(ρ,η)TE (dz˜α) + (ρ, η)ωαβ ∧ dz˜
β,
(ρ, η, h)T◦ = d(ρ,η)TE (δy˜◦) + (ρ, η)ω◦◦ ∧ δy˜
◦,
(9)
and
(ρ, η, h)Rαβ = d
(ρ,η)TE
(
(ρ, η)ωαβ
)
+ (ρ, η)ωαγ ∧ (ρ, η)ω
γ
β ,
(ρ, η, h)R◦◦ = d
(ρ,η)TE ((ρ, η)ω◦◦) + (ρ, η)ω
◦
◦ ∧ (ρ, η)ω
◦
◦.
(10)
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In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the Lie bracket [, ]TM is the
usual Lie bracket, then the identities of Cartan type (9) and (10) reduce to
Ti = d(IdTE ,IdE)TE
(
dz˜i
)
+ ωij ∧ dz˜
j ,
T◦ = d(IdTE ,IdE)TE (δy˜◦) + ω◦◦ ∧ δy˜
◦,
and
Rij = d
(IdTE ,IdE)TE
(
ωij
)
+ ωik ∧ ω
k
j ,
R◦◦ = d
(IdTE ,IdE)TE (ω◦◦) + ω
◦
◦ ∧ ω
◦
◦.
Remark 30 For any X,Y, Z ∈ Γ ((ρ, η)TE, (ρ, η) τE , E), the following identi-
ties hold
V (ρ, η, h)R (X,Y )HZ = 0,
H (ρ, η, h)R (X,Y )VZ = 0,
VDX ((ρ, η, h)R (Y, Z)HU) = 0,
HDX ((ρ, η, h)R (Y, Z)VU) = 0,
and
(ρ, η, h)R (X,Y )Z = H (ρ, η, h)R (X,Y )HZ + V (ρ, η, h)R (X,Y )VZ.
Using the formulas of Bianchi type, Theorem 29 and Remark 30, we obtain the
following
Theorem 31 The identities of Bianchi type:


∑
cyclic(X,Y,Z)
{H (ρ, η)DX ((ρ, η, h)T (Y, Z))−H (ρ, η, h)R (X,Y )Z
+H (ρ, η, h)T (H (ρ, η, h)T (X,Y ) , Z)
+H (ρ, η, h)T (V (ρ, η, h)T (X,Y ) , Z)} = 0,
∑
cyclic(X,Y,Z)
{V (ρ, η)DX ((ρ, η, h)T (Y, Z))− V (ρ, η, h)R (X,Y )Z
+V (ρ, η, h)T (H (ρ, η, h)T (X,Y ) , Z)
+V (ρ, η, h)T (V (ρ, η, h)T (X,Y ) , Z)} = 0.
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and 

∑
cyclic(X,Y,Z,U)
{H (ρ, η)DX ((ρ, η, h)R (Y, Z)U)
−H (ρ, η, h)R (H (ρ, η, h)T (X,Y ) , Z)U
−H (ρ, η, h)R (V (ρ, η, h)T (X,Y ) , Z)U} = 0,
∑
cyclic(X,Y,Z,U)
{V (ρ, η)DX ((ρ, η, h)R (Y, Z)U)
−V (ρ, η, h)R (H (ρ, η, h)T (X,Y ) , Z)U
−V (ρ, η, h)R (V (ρ, η, h)T (X,Y ) , Z)U} = 0,
hold for any X,Y, Z ∈ Γ ((ρ, η) TE, (ρ, η) τE , E) .
Corollary 32 Using the following sections (δθ, δγ , δβ), we obtain:

∑
cyclic(β,γ,θ)
{
(ρ, η, h)Tα βγ|θ − (ρ, η, h)R
α
β γθ
+(ρ, η, h)Tλγθ (ρ, η, h)T
α
βγ + (ρ, η, h)T
◦
γθ (ρ, η, h)T
α
β◦
}
= 0,
∑
cyclic(β,γ,θ)
{
(ρ, η, h)T◦ βγ|θ + (ρ, η, h)T
α
γθ (ρ, η, h)P
◦
βα
+(ρ, η, h)P◦γθ (ρ, η, h)P
◦
◦β
}
= 0,
and 

∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h)Rα β γθ|λ − (ρ, η, h)T
µ
θλ (ρ, η, h)R
α
β γµ
− (ρ, η, h)T◦θλ (ρ, η, h)P
α
β γ◦
}
= 0,
∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h)R◦ ◦ γθ|λ − (ρ, η, h)T
µ
θλ (ρ, η, h)R
◦
◦ γµ
− (ρ, η, h)T◦θλ (ρ, η, h)P
◦
◦ γ◦
}
= 0.
Note that using another base of sections, we can obtain new identities of Bianchi
type necessary in the applications.
6 (Pseudo) generalized Kaluza-Klein G-spaces
Let (ρ, η)Γ be a (ρ, η)-connection for the Kaluza-Klein bundle (E, π,M) and let
((ρ, η)H, (ρ, η)V ) be a distinguished linear (ρ, η)-connection for the Lie algebroid
generalized tangent bundle(
((ρ, η)TE, (ρ, η)τE , E), [, ](ρ,η)TE , (ρ˜, IdE)
)
.
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We consider the following tensor field
G = gαβdz˜
α ⊗ dz˜β + g◦◦δy˜
◦ ⊗ δy˜◦ ∈ T 0022 ((ρ, η)TE, (ρ, η) τE , E) .
If G is symmetric and for any point ux ∈ E, matrice (gαβ (ux)) is nondegen-
erate and also g◦◦(ux) is invertible, then G is called pseudometrical structure.
Moreover, if (gαβ (ux)) and g◦◦(ux) have constant signature, then G is called
metrical structure.
If α, β ∈ 1, . . . , p, then for any local fiber chart (U, sU ) of (E, π,M), we
consider the real functions
π−1 (U)
g˜βα
−−−−−−→R,
and
π−1 (U)
g˜◦◦
−−−−−−→ R,
such that (
g˜βα (ux)
)
= (gαβ (ux))
−1
,
and
g˜◦◦(ux) = g◦◦(ux)
−1,
for any ux ∈ π
−1 (U) \ {0x}.
If around each point x ∈ M there exists a local vector chart (U, sU ) and a
local chart (U, ξU ) such that gαβ ◦ s
−1
U ◦
(
ξ−1U × IdR
)
(x, y) (respectively g◦◦ ◦
s−1U ◦
(
ξ−1U × IdR
)
(x, y)) depends only on x, for any ux ∈ π
−1 (U) , then we say
that the (pseudo)metrical structure G is is a Riemannian H-(pseudo) metrical
structure (respectively, Riemannian V-(pseudo)metrical structure). Moreover,
G is called Riemannian (pseudo) metrical structure if it is H- and V-(pseudo)
metrical structures.
Definition 33 If there exists a (pseudo) metrical structure
G = gαβdz˜
α ⊗ dz˜β + g◦◦δy˜
◦ ⊗ δy˜◦, (11)
such that
(ρ, η)DXG = 0, ∀X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) , (12)
then the Lie algebroid generalized tangent bundle
(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
is called (pseudo) generalized Kaluza-Klein G-space. Moreover, the local real
functions (ρ, η)Γ◦α and (ρ, η)R
◦
αβ are called the electromagnetic potentials and
the components of the electromagnetic field, respectively.
One can deduce that the condition (12) is equivalent with the following:
gαβ|γ = 0, g◦◦|γ = 0, gαβ |◦= 0 , g◦◦ |◦= 0.
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If gαβ|γ=0 and g◦◦|γ=0, then we will say that the Lie algebroid generalized
tangent bundle (
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
is H-(pseudo) generalized Kaluza-Klein G-space. Also, if gαβ |◦=0 and g◦◦|◦=0,
then we say that the Lie algebroid generalized tangent bundle(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
is V-(pseudo) generalized Kaluza-Klein G-space.
Theorem 34 If
(
(ρ, η) H˚, (ρ, η) V˚
)
is a distinguished linear (ρ, η)-connection
for the Lie algebroid generalized tangent bundle(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
and G is a (pseudo) metrical structure given by (11), then the real local func-
tions:
(ρ, η)Hαβγ =
1
2
g˜αε
(
Γ (ρ˜, IdE)
(
δ˜γ
)
gεβ + Γ (ρ˜, IdE)
(
δ˜β
)
gεγ − Γ (ρ˜, IdE)
(
δ˜ε
)
gβγ
+gθεL
θ
γβ ◦ h ◦ π − gβθL
θ
γε ◦ h ◦ π − gθγL
θ
βε ◦ h ◦ π
)
,
(ρ, η)H◦◦γ = (ρ, η) H˚
◦
◦γ +
1
2
g˜◦◦g
◦◦
0
|γ
,
(ρ, η)V αβ◦ = (ρ, η) V˚
α
β◦ +
1
2
g˜αεg
βε
◦
|◦
,
(ρ, η)V ◦◦◦ =
1
2
g˜◦◦
(
Γ (ρ˜, IdE)
(
˙˜
∂◦
)
g◦◦ + Γ (ρ˜, IdE)
(
˙˜
∂◦
)
g◦◦ − Γ (ρ˜, IdE)
(
˙˜
∂◦
)
g◦◦
)
,
are the components of a distinguished linear (ρ, η)-connection such that the Lie
algebroid generalized tangent bundle(
((ρ, η)TE, (ρ, η)τE , E), [, ](ρ,η)TE , (ρ˜, IdE)
)
,
becomes (pseudo) generalized Kaluza-Klein G-space.
Corollary 35 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ),
then we obtain
ρHαβγ =
1
2
g˜αε
(
Γ (ρ˜, IdE)
(
δ˜γ
)
gεβ + Γ (ρ˜, IdE)
(
δ˜β
)
gεγ − Γ (ρ˜, IdE)
(
δ˜ε
)
gβγ
+gθεL
θ
γβ ◦ π − gβθL
θ
γε ◦ π − gθγL
θ
βε ◦ π
)
,
ρH◦◦γ = ρH˚
◦
◦γ +
1
2
g˜◦◦g
◦◦
◦
|γ
,
ρV αβ◦ = ρV˚
α
β◦ +
1
2
g˜αεg
βε
◦
|◦
,
ρV ◦◦◦ =
1
2
g˜◦◦
(
Γ (ρ˜, IdE)
(
˙˜
∂◦
)
g◦◦ + Γ (ρ˜, IdE)
(
˙˜
∂◦
)
g◦◦ − Γ (ρ˜, IdE)
(
˙˜
∂◦
)
g◦◦
)
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In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain
Hijk =
1
2
g˜ih (δkghj + δjghk − δhgjk) ,
H◦◦k = H˚
◦
◦k +
1
2
g˜◦◦g
◦◦
◦
|k
,
V ij◦ = V˚
i
j◦ +
1
2
g˜ihg
jh
◦
|◦
,
V ◦◦◦ =
1
2
g˜◦◦
(
∂˙◦g◦◦ + ∂˙◦g◦◦ − ∂˙◦g◦◦
)
.
Theorem 36 If the distinguished linear (ρ, η)-connection
(
(ρ, η) H˚, (ρ, η) V˚
)
coincides with the Berwald linear (ρ, η)-connection in Theorem 34, then the
local real functions:
(ρ, η)
c
H
α
βγ =
1
2
g˜αε
(
Γ (ρ˜, IdE)
(
δ˜γ
)
gεβ + Γ (ρ˜, IdE)
(
δ˜β
)
gεγ
−Γ (ρ˜, IdE)
(
δ˜ε
)
gβγ + gθεL
θ
γβ ◦ h ◦ π
−gβθL
θ
γε ◦ h ◦ π − gθγL
θ
βε ◦ h ◦ π
)
,
(ρ, η)
c
H
◦
◦γ = ∂˙◦
(
(ρ, η) Γ◦γ
)
+
1
2
g˜◦◦g
◦◦
◦
|γ
,
(ρ, η)
c
V
α
β◦ =
1
2
g˜αε∂˙◦gβε,
(ρ, η)
c
V
◦
◦◦ =
1
2
g˜◦◦∂˙◦g◦◦,
are the components of a distinguished linear (ρ, η)-connection such that the Lie
algebroid generalized tangent bundle
(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
becomes (pseudo) generalized Kaluza-Klein G-space.
Moreover, if the (pseudo) metrical structure G is H- and V-Riemannian, then
the local real functions:
(ρ, η)
c
H
α
βγ =
1
2 g˜
αε
(
ρkγ◦h◦π
∂gεβ
∂xk
+ ρjβ◦h◦π
∂gεγ
∂xj
− ρeε◦h◦π
∂gβγ
∂xe
+
+gθεL
θ
γβ◦h◦π − gβθL
θ
γε◦h◦π − gθγL
θ
βε◦h◦π
)
,
(ρ, η)
c
H
◦
◦γ =∂˙◦
(
(ρ, η) Γ◦γ
)
+ 12 g˜
◦◦
(
ρiγ◦h◦π
∂g◦◦
∂xi
− 2∂˙◦
(
(ρ, η) Γ◦γ
))
,
(ρ, η)
c
V
α
β◦ = 0,
(ρ, η)
c
V
◦
◦◦ = 0.
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are the components of a distinguished linear (ρ, η)-connection such that the
Lie algebroid generalized tangent bundle becomes (pseudo) generalized Kaluza-
Klein G-space.
Corollary 37 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ),
then we obtain
ρ
c
H
α
βγ =
1
2
g˜αε
(
Γ (ρ˜, IdE)
(
δ˜γ
)
gεβ + Γ (ρ˜, IdE)
(
δ˜β
)
gεγ
−Γ (ρ˜, IdE)
(
δ˜ε
)
gβγ + gθεL
θ
γβ ◦ π −gβθL
θ
γε ◦ π − gθγL
θ
βε ◦ π
)
,
ρ
c
H
◦
◦γ = ∂˙◦(ρΓ
◦
γ) +
1
2
g˜◦◦g
◦◦
◦
|γ
,
ρ
c
V
α
β◦ =
1
2
g˜αε∂˙◦gβε,
ρ
c
V
◦
◦◦ =
1
2
g˜◦◦∂˙◦g◦◦.
If the (pseudo) metrical structure G is H-and V-Riemannian, then
ρ
c
H
α
βγ=
1
2
g˜αε
(
ρkγ◦π
∂gεβ
∂xk
+ ρjβ◦π
∂gεγ
∂xj
− ρeε◦π
∂gβγ
∂xe
+
+gθεL
θ
γβ◦π − gβθL
θ
γε◦π − gθγL
θ
βε◦π
)
,
ρ
c
H
◦
◦γ=∂˙◦(ρΓ
◦
γ) +
1
2 g˜
◦◦ρiγ◦π
∂g◦◦
∂xi
,
ρ
c
V
α
β◦ = 0, ρ
c
V
0
00 = 0.
In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain
c
H
i
jk =
1
2
g˜ih (δkghj + δjghk − δhgjk) ,
c
H
◦
◦k = ∂˙◦Γ
◦
k +
1
2
g˜◦◦g
◦◦
◦
|k
,
c
V
i
j◦ =
1
2
g˜ih∂˙◦gjh,
c
V
◦
◦◦ =
1
2
g˜◦◦∂˙◦g◦◦ .
If the (pseudo)metrical structure G is H- and V-Riemannian, then
c
H
i
jk=
1
2
g˜ih
(
∂ghj
∂xk
+
∂ghk
∂xj
−
∂gjk
∂xh
)
,
c
H
◦
◦k=∂˙◦Γ
◦
k +
1
2 g˜
◦◦ ∂g◦◦
∂xk
,
c
V
i
j◦ = 0,
c
V
◦
◦◦ = 0.
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Let (
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
be a (pseudo) generalized Kaluza-Klein G-space.
Definition 38 If (ρ, η, h)R α β and (ρ, η, h)S ◦ ◦ are the components of Ricci
tensor associated to distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ) ,
then the scalar
(ρ, η, h)R =(ρ, η, h)R α β g˜
αβ + (ρ, η, h)S ◦ ◦g˜
◦◦,
is called the scalar curvature of the distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ).
Definition 39 The tensor field
(ρ, η, h)T = (ρ, η, h)T α βdz˜
α ⊗ dz˜β + (ρ, η, h)T α ◦dz˜
α ⊗ δy˜◦
+(ρ, η, h)T ◦ βδy˜
◦ ⊗ dz˜α + (ρ, η, h)T ◦ ◦δy˜
◦ ⊗ δy˜◦,
such that its components satisfy the following conditions:
κ (ρ, η, h)T α β = (ρ, η, h)R α β −
1
2
(ρ, η, h)R·gαβ,
−κ (ρ, η, h)T α ◦ = (ρ, η, h)P α ◦,
κ (ρ, η, h)T ◦ β = (ρ, η, h)P ◦ β,
κ (ρ, η, h)T ◦ ◦ = (ρ, η, h)S ◦ ◦ −
1
2
(ρ, η, h)R·g◦◦,
(13)
where κ is a constant, is called the energy-momentum tensor field associated to
the (pseudo) generalized Kluza-Klein G-space
(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
.
Also, the equations (13) are called the Einstein equations associated to the
(pseudo) generalized Kluza-Klein G-space.
Formally, the Einstein equations can be written
Ric ((ρ, η)H, (ρ, η) V )−
1
2
(ρ, η, h)R·G = κ · (ρ, η, h)T.
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